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Appendix: Statistical Propagation of Uncertainty

Each measurement should be represented as a range of values.  We can express the range of values as some middle value “plus or minus” a range.  The “plus or minus” value is called the uncertainty.

For example, suppose we have a measurement of length that is represented by the range from 3.8 m to 4.2 m.  We’d indicate that range as 4.0 m ( 0.2 m.

Adding or subtracting quantities
Whether we are adding or subtracting quantities, the uncertainty associated with the sum and difference is equal to the sum of the individual uncertainties.

	
	(4.0 m ( 0.2 m)
	+
	(2.5 m ( 0.1 m)
	
	: addition example



	=
	(4.0 m + 2.5 m)
	(
	(0.2 m + 0.1 m)
	
	: rearrange (adding uncertainties)



	=
	(6.5 m)
	(
	(0.3 m)
	
	: carry out result


	
	(4.0 m ( 0.2 m)
	–
	(2.5 m ( 0.1 m)
	
	: subtraction example



	=
	(4.0 m – 2.5 m)
	(
	(0.2 m + 0.1 m)
	
	: rearrange (adding uncertainties)



	=
	(1.5 m)
	(
	(0.3 m)
	
	: carry out result


Notice that the uncertainty in both the sum and difference is 0.3 m, since both are obtained by adding the individual uncertainties (i.e., 0.2 m and 0.1 m).


Multiplying or dividing quantities
When multiplying or dividing quantities, we cannot simply add the individual uncertainties.  Indeed, they may not even have the same unit.

Instead, we first determine the relative uncertainties.  This is obtained by dividing the uncertainty by the middle value.  For example, if our range is 4.0 m ( 0.2 m then we’d divide 0.2 m by 4.0 m.  In this case, that gives a value of 0.05.  Notice that the ratio has no units (since the units cancel).

After determining the relative uncertainties for each quantity, add them together (this can be done since relative uncertainties have no units).
Once you have the total relative uncertainty, multiply that total relative uncertainty by the calculated middle quantity, as shown below.

	
	[4.0 kg ( 0.2 kg]
	(
	[2.5 m ( 0.1 m]
	
	multiplication example



	=
	[ 4.0 kg ( (0.2 kg/4.0 kg) ]
	(
	[2.5 m ( (0.1 m/2.5 m) ]
	
	calculate relative uncertainties



	=
	(4.0 kg ( 0.05)
	(
	(2.5 m ( 0.04)
	
	

	(
	(4.0 kg ( 2.5 m)
	(
	(0.05 + 0.04)
	
	rearrange (add uncertainties)


	=
	(10.0 kg(m)
	(
	(0.09)
	
	

	=
	(10.0 kg(m)
	(
	(0.09)((10.0 kg(m)
	
	convert back to numerical uncertainty form

	=
	(10.0 kg(m)
	(
	(0.9 kg(m)
	
	


	
	[4.0 kg ( 0.2 kg]
	/
	[2.5 m ( 0.1 m]
	
	division example



	=
	[ 4.0 kg ( (0.2 kg/4.0 kg) ]
	/
	[2.5 m ( (0.1 m/2.5 m) ]
	
	calculate relative uncertainties



	=
	(4.0 kg ( 0.05)
	/
	(2.5 m ( 0.04)
	
	

	(
	(4.0 kg / 2.5 m)
	(
	(0.05 + 0.04)
	
	rearrange (add uncertainties)


	=
	(1.6 kg/m)
	(
	(0.09)
	
	

	=
	(1.6 kg/m)
	(
	(0.09)((1.6 kg/m)
	
	convert back to numerical uncertainty form

	=
	(1.6 kg/m)
	(
	(0.144 kg(m)
	
	


Notice that the relative uncertainty in both the product and quotient is 0.09, since both are obtained by adding the individual relative uncertainties (i.e., 0.05 and 0.04).


Additional notes:

· This technique estimates the maximum possible uncertainty in the answer.  For random errors, the expected uncertainty will be less than this.  For example, when using this technique, the average of two numbers will give a number with the same uncertainty as the original numbers:

[ (2.5 m ( 0.1 m) + (1.5 m ( 0.1 m) ] / 2 = (4.0 m ( 0.2 m) / 2 = 2.0 m ( 0.1 m 
If the errors are really random, the expected uncertainty would decrease, not stay the same.

· The method for multiplying and dividing quantities assumes the uncertainties in the measurements are very small in comparison to the measurements themselves.

· If a quantity is raised to a power n, treat the quantity as a multiplication problem.  This leads to a relative uncertainty in the product that is n times greater than the relative uncertainty in the original quantity.
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